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Let K1 and Kz be algebraic number fields with Kz a proper extension of Kl . 
Let 0, and 0, be their respective rings of integers, and let N,, denote the norm 
mapping NKzIK, from K2 to Kl . (By abuse of notation, we use the same 
symbol N,, for the norm of an element or an ideal, whenever there is no 
danger of confusion.) Suppose that M is a full @,-module in 0, , thus an 
@,-module contained in 0, which contains a K,-basis of K, .l Our object in 
this paper is the study of relations of the type 
01 = NW, Q!EQl, p*.EM. (1) 
A classical case, much studied from the time of Euler onward, involves 
Kl = Q, the rational field, and K2 = Q(cP), with M the Z-module generated 
by 20 and b + d1f2; here a, b, and dare in Z, the ring of rational integers, with 
d a nonsquare in Z, such that d = b2 - 4ac, with c E h. In this case, (1) 
becomes 
cx = 4a(& + bxy + cy”) = N,,(l?ax + (b + d1’2) y), 
with x, y E Z. 
We remark that, in the general case, if p and p’ are in iI4, and p’ = EP, 
where E is a unit of 0, with NZle = I, then (1) also holds with TV replaced by TV’. 
In general we may therefore expect either no solutions p of (1) or else infinitely 
many, when c1 is fixed. To avoid the complications thus arising from units, 
we shall consider the principal ideals (a) = CXO, and 01) = $9, for which (1) 
has solutions. For a principal ideal a, = (a) = a0, let us define r(q) to be 
the number of principal ideals m, = &) = @, , p E M, such that a, = Nzlntz . 
1 If K, + Q, M may not be a free d,-module; the general situation is described in [l]. 
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We shall consider in this paper the moment-sums of r(a,), and also the 
distribution of those a, with r(ar) > 0. In the classical case cited above it is 
well known that, for imaginary quadratic fields K, , 
and that 
c 1 N C’(M) x(log x)-l/Z. (3) 
l@<a: 
T(a)>0 
The former result is usually obtained by counting the lattice-points (x1 , XJ 
inside the ellipse axI + bx,x, + cxz2 < x, and was certainly familiar to 
Gauss (and quite possibly to others before him). The latter, much deeper 
result belongs to the present century, being obtained in its general form by 
Bernays [2], following the special case (of sums of two squares) obtained by 
Landau [3]. By way of analogy with (2) and (3), we shall consider the 
quantities 
Mx) = C rk(al), (k 3 1 in H), (4) 
%a,@ 
SW = c 1, (5) 
N,a,S~ 
Thl,l>O 
and also 
W) = 1 1, (6) 
IQ<” 
“=Nlal 
el,)>O 
where N1 denotes the norm from K1 down to Q. We shall use N, to denote the 
norm from K2 down to Q. Our results are as follows. In Section 2 we shall 
prove: 
THEOREM Rk. For integral k 3 1, the quantity &(x) of (4) is 
asymptotically 
C,x(log x)‘Q’(l + O(log x-l), (7) 
where MI, is a positive integer, independent of x, calculable in terms of the 
representations of a certain$nite Galois group attached to a Galois extension 
of KI (see below), and Ck is a positive real number, independent of x. 
Tn Section 3 we shall prove: 
THEOREM S. As x + co, the quantity S(x) of (5) has un asymptotic 
expansion consisting of the sum of a$nite number of expansions of the type 
x(c,(cx)(log x)>a-l + C,(a)(log X)a---2 + *.*), (8) 
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with 0 -C Re 01 < 1, and of ajinite number of expansions of the type 
x&x x)Ylog log x)‘{k,@, y) + k&k y)(log xl-’ + ->. (9) 
The dominant term in the expansion of S(x) is of the type (8), with cy equal to the 
Dirichlet density of the set of prime ideals p1 of 0x expressible as Nz1p2 for some 
prime ideals pz of 0, . 
Finally, in Section 4 we prove: 
THEOREM T. The quantity of (6) has an asymptotic expansion of the same 
type as that of S(x), with dominant term of the form (8), where 01 is now the 
Dirichlet density of the set of rational primes p expressible as Nzpz for some 
prime ideal pz of 0, . 
Remarks. We now describe briefly the nature of the constant Mti of 
Theorem RI, . We shall see that we can associate with the module Ma certain 
ideal f of 0, , which we call the conductor of M. Let H be the class-field 
(modx f), thus the maximal Abelian extension H of K2 ramified only at f, and 
let F/K, be the Galois hull of H/K1 . Since Gal H/K, is a quotient of Gal F/K, , 
a representation of the former lifts to one of the latter. Let x be the character 
of the representation of Gal H/K,, and let x* be the lifted character. 
Since Gal F/K, is a subgroup of Gal FIK, , x* induces a character # on 
G = Gal F/K, . If, in particular, x is the identity character of Gal H/K2 , 
then we shall see in Section 2 that n/r, of Theorem Rk satisfies 
where I,!? is the kth power of # (thus, the character which corresponds to the 
kth tensor power of the representation with character $)), and (*, -)G is the 
usual inner product of class functions. When K.JK, is normal it is readily 
verified that Mk is just [K2 : Kllk-l, which is what one would expect by analogy 
with the classical case Kl = Q, K2 = Q(i) and M = 0, , for which r(n) is 
multiplicative, and for which Theorem Rk is relatively easy to prove. 
The proofs of Theorems S and Tare broadly similar to those of the main 
theorems of [4] and [5], except that, with the benefit of hindsight, we are able 
to expound a somewhat simplified and streamlined version of the techniques 
involved. 
All of our theorems in this paper rely on the use of the Cebotarev density 
theorem, in the form proved in [6]; it is also convenient to define and make 
use of module zeta firnctions. These are introduced in Section 1, where we 
shall also discuss the value of C, of (7) when k = 1. 
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1. MODULE ZETA FUNCTIONS 
We retain the notation of the Introduction. If u = Re s > 1, we define 
where m2 runs through all ideals of 0, of the form m, = (p), with p E 44. It is 
clear that &,,(s) can also be written in the form 
(I.2) 
where a, runs through all ideals of 0, . Our first objective is to relate &1(s) 
to the Dedekind zeta function of K, , and to certain Abelian L-functions. 
We need some preliminary definitions. Let us define the conductor, f, of M 
to be the join of all ideals of oz contained in M. It is obvious that f is the 
largest ideal of 0, contained in M. A prime ideal p2 is bad (resp. good) if it 
divides (resp. fails to divide) N,f. We apply the same terminology to prime 
ideals p1 in 0, . More generally, we say that an ideal of 0, is bad (resp. good) 
if all its prime ideal factors in 0, are bad (resp. good). We have the following 
useful 
LEMMA 1.1. Let b2 be bad and g2 , 9; be good, and suppose that 91, N g2 
(modx f), that is, g&I’) = g,(h), w h ere A’ E X E 1 (mod f) and XX-l is totally 
positive. Ifb,g, = &) for some p E M, then b2gL = (p’) for some IL’ E M. 
Proof. Clearly b,gi is principal, since 91; lies in the same (ordinary) ideal 
class as g2 . Let b,gk = (a). Then (&‘) = b,g#‘) = b,g,(X) = ($4). We may 
thus assume that olx’ = PX. Taking residues (mod f), olh’ = 01 = PX = p 
(mod f). Hence a: E M (as f C M), so we can rename it p’, and the lemma is 
proved. 
We use Lemma 1.1 as follows; it is clear that each ideal of 0, is uniquely 
expressible in the form a, = b,g, , with b, bad and g2 good. For each ray 
class (modx f) we let 37#) be the set of bad b, such that g2 E %? implies that 
b,g, = (p) for some p E 44; this definition makes sense in view of Lemma 1.1. 
Then, from 1.1, we have 
Since there are only finitely many bad primes in 0, , it is clear that 
B,(s; %‘) = 1 N,b,’ 
b,@,(W) 
(1.4) 
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converges and is regular for u > 0, while J&(1; %‘) > 0. The terms in (1.3) 
involving sums over good ideals are easily handled on noting that, for u > 1, 
c N2LG” = h-l c x(9 L*(& Jo, (1.5) 
Ll,EV x 
where X runs through all h of the (irreducible) characters of the ray class 
group (modx f), and, for each X, L*(.s, X) is obtained from the corresponding 
L-function by omitting all factors involving bad primes. Combining (1.3) 
and (1 S), we obtain 
and we can use this to continue 5,,,(s) into the half-plane (T > 0. The only 
singularity in the finite part of this half-plane is a simple pole at s = I, at 
which the residue is readily seen to be 
h-lR c &(I ; U) fl (I - N,p,‘)-’ n (1 - AQ,‘), (1.7) 
0 Pz bad Pelf 
where R is the residue of the Dedekind zeta function &,(s) at s = 1. We shall 
see in Section 2 that (1.7) is the value of C, of (7) when k = I. 
2. PROOF OF THEOREM RI, 
Our first step is to express L&) as a sum over the ideals of 0, . We note 
that, if g2 _C 0, is good, then so is Nz1g2 _C 0, , with a similar result for bad 
ideals. Hence, if a, = b,gl is in fJJ1 , we have 
(2.1) 
where S(gl ; X) denotes C X(g& summed over all g2 with N,,g, = g1 . We 
shall rewrite (2.1) in the form 
C P(b, ; x) Sk, ; XL (2.2) 
fi(b, ; X) denoting the inner sum in (2.1). Using the multinomial theorem, 
we deduce from (2.2) that 
(2.3) 
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where x1 ,..., xn are the (irreducible) characters of the ray class group 
(modx f), n runs through all vectors (n, ,..., nh) of nonnegative integers 
summing to k, and (t) denotes k!/nl! n,! -a* nh! . Let us now form the 
Dirichlet series 
F&Y) = C ?(a,) IVIa;“, 
a1 
(u > l), (2.4) 
in which a, runs through all ideals of 0, . For k = 1, F,(s) reduces to c&s). 
Our next task is to determine the analytical properties of F,(s) in the general 
case. Using (2.3), we have 
where 
.Lqs) = 1 IQ;” n ml ; XP, 
9, good z 
and 
’ 1). (2.5) 
(u ‘-, I), (2.6) 
(u > 0). (2.7) 
Note that T”(s) converges for u > 0, by the same argument as that applied 
to the series B,(s; U) of (1.4). We now concentrate on the series z(n(s) of (2.6). 
Since the functions S(g, ; xi) are multiplicative on good ideals, we can write 
Y”(,(s) as an Euler product 
q)(s) = n 
PI good 1 
I + n S(p, ; Xi)“’ N,p,” -i- . .( 
z 
for u ;, 1. It is now easy to see that, for u > 1, 
(2.8) 
(2.9) 
where %,,(s) is regular and uniformly bounded for 0 > -i + 6, 6 > 0. We 
now investigate the other term on the right of (2.9). For this it is convenient 
to consider the field F such that F/K, is the Galois hull of H/K, , where H/K, 
is the class-field extension corresponding to the ray class group (modx f). 
A straightforward modification of the author’s version [6] of the Cebotarev 
density theorem shows that, if p1 and q1 are prime ideals of 0, which do not 
ramify in F, the corresponding sums S(p, ; x) and S(ql ; x) are equal for 
each x if p1 and q, determine the same Frobenius conjugacy class in Gal F/K, . 
Hence the product JJ S(p, ; xi)%i is a class function on Gal F/K, , in the 
sense that its value depends onIy on the Frobenius class of p1 . 
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For a prime ideal B of 0, which is unramified, denote by S,(g) 
the value of n S(p, ; xi)*+, where p1 = 9 n K1 and g is the Frobenius 
element of 9 in G = Gal FIK, . If xi , lifted to E = Gal Fire, , 
induces the character & on G, then it is not hard to show that S,(g) equals 
the character ni @z(g) of the tensor product R,, = C& My”i, where Mi is 
the representation with character I,& . It follows that the second factor on 
the right of (2.9) differs from the Artin L-function L(s, RJ by only a factor 
which may be absorbed into @,&). Since the L-functions with irreducible 
characters are entire (except for the identity character), it now follows that 
Yn(s) of (2.9) is meromorphic for u 3 + + 8 (6 > 0), and the only pole is at 
s = 1, being of order (1 G , S,>, . 
Since we are actually more interested in F,(s) of (2.5), it is necessary to 
find the maximum over II of the (1, , S,,), , in view of (2.5), the x(s) being 
regular and nonzero near s = 1. We now perform the maximization. Using 
the notation p1 t+ g to mean that p1 underlies a prime ideal B of @r)F whose 
Frobenius element in G is g, we have 
< 1 G , S,JG ,< (card G)-l c fl I Sh+ ; xd”” I 
gEG i 
P,+@ 
< (card W c S(P, ; xoY, (2.10) 
v=G 
P,+w 
where x0 is the identity ray class character. Moreover, it is obvious that 
equality holds in (2.10) if and only if S,, is S(p, ; x,,)~, that is, (lEG)“, the kth 
power of the character lE G induced by the identity character lE of E. 
In order to prove Theorem Rk we shall now employ the identity 
c ryal)(l - NlaJx) = -!- jc+im xSF&) ds ) 
27rTTi C-P’m s(s + 1) 
(2.11) 
Nla,Sr 
where c > 1. We shift the contour to the left, crossing the pole at s = 1 
and reaching the line 0 = 0, 0 < B < 1, along which the corresponding 
integral is absolutely convergent. The new contour integral is trivially 0(x0), 
while the residue of x8Fk(s)/s(s + 1) at s = 1 is of the form xP,(log x), where 
P&) is a polynomial in z, of degree Mk - 1. It follows from (2.11) that 
Nlzsz rYaJ(l - Nlal/x) = xPk(log -4 + OW). (2.12) 
Since the coefficients @(al) are 30, a simple Tauberian argument allows us 
to “strip weights” in (2.12), yielding 
C @(al) = xQ,(log 4 + 0(x8), (2.13) 
N,$@ 
where Qk(z) is a polynomial in z of degree Iw, - 1, and Theorem RI, is proved 
(in fact, in a slightly stronger form than stated in the Introduction). 
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3. PROOF OF THEOREM S. 
Let a, = g,b, be an ideal in Lo, , with b, bad and g1 good. Suppose, further, 
that a, = N&O,) for some p f M. Then @, = g,b, , with b, bad and g2 
good in 0, , where g1 = N21g2 and 6, = Nzlb, . Let us denote by R(g,) the 
set of ray classes (modx f) occupied by good ideals g2 of 8, having g1 = N21g2 . 
In the power set 2 of the ray class group (modx f) define the product of 
two sets X and Y to be XY = {xy; x E X, y E Y}, where xy is the product of 
the ray classes x and y. If m is the empty set it is convenient to define 
Xe = C? for all XE 2. The following identity is most important, even 
though its proof is almost trivial; we have 
whg;) = ml) m;) if' 91 + 9; = c, (3.1) 
For each R E Z we define aR to be the set of all bad b, such that R(g,) = R 
implies that b,g, = N&O,) for some p E M. This definition makes sense in 
view of Lemma 1 .l. For u > 1 we have 
c Nla;” = (3.2) 
r(a,)>o 
A familiar argument shows that 
converges and is regular for u > 0. We turn our attention to 
OR d~f c N&“, (0 > I), 
R(S,)=R 
and we need only consider the case R f o (since .98 m = u ). 
To elucidate the structure of gR(s) we define, for u > I, 
F(s; 2) = I-I l+izi c N,p;“” 1 
~1 good i=l R(p,T=Ri \' 
(3.3) 
(3.4) 
(3.5) 
where RI ,..., Rr are the nonempty elements of X and .zl ,..., zfi are arbitrary 
complex numbers. Expanding F(s; z) as a multiple power series in z, we find 
that the coefficient of P = z:’ .*a z:” is Z+ N,g;“, summed over all g1 of the 
type ni qi, where the qi are each formed by taking a product of nd distinct 
prime powers (ur(j)+ij having R(Plij)‘” = R, . In particular, we see that each 
g1 in the sum Z+ has R(q,) = ni R;i. If we pick out from the multiple power 
series those terms n giving I& RF” = R, and then substitute z = (l,..., l), we 
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obtain the required function B,(s). The selection of terms is accomplished as 
in 141, using Hadamard conuaZution; if we define, for maxi ] zi 1 < I, 
TRW = c z”, (3.6) 
lENR 
where NR is the set of all vectors n of nonnegative integers (n, ,..., n&) satis- 
fying 
7 Ryi = R, (3.7) 
then, for (T > 1, we have 
3-r&s) = (24-A J ... j F(s; w) T(w;l,..., Ml,‘) n $; ) (3.8) 
c,x...xc, 
where C, is any circle in the w,-plane, centered on 0, on which 1 wi ) > 1. 
(We remark that F(s; w) is an entire function of w). 
To exploit (3.8) we need to determine TR(z) of (3.6). To do so we must 
clearly determine the set NR . Fix 6 # ia in z?. Since &? is a finite commu- 
tative semigroup (under the product operation defined above), the sequence 
6, 62, 63 )..., is recurrent, i.e., for some 1 < i < j, we have ai = 6j. Let 
a = a(6) be the least i such that ai recurs, and let b = b(6) be the smallest 
j > a such that 6) = 6”. It is obvious that, given II > 0, 8’” is equal to 
precisely one of the elements 6, a2,. .., gb-l. Let us call a relation (3.7) reduced 
if 0 < ni < bi, i = I,..., h, where bi is the corresponding value of b(S) when 
6 = Ri ; clearly there are only finitely many reduced relations. If, in a 
reduced relation, we have ni > ai for some i, then we can produce from the 
reduced relation further ones by adding multiples of ci = bi - ai 3 1 to ni . 
Conversely, every relation (3.7) with ni large enough arises in this way from a 
suitable reduced relation. In view of these observations it is now straight- 
forward to show that 
TR(Z) = P(z) fi (1 - zy, 
i=l 
(3.9) 
where P(z) is a polynomial. We now proceed as in [4, Sects. 3-51, since it is 
clear (by the arguments of Section 2 of the present work) that, for primes p1 
of 0, unramified in F, R(p,) is determined by the Frobenius class of p1 in 
Gal F/K, . This enables us to write F(s; z) in terms of Artin L-functions, in 
exact analogy with the situation in [4], and Theorem S now follows by the 
same arguments used for Theorem 1 of [4]. 
We remark on a slight omission in [4]; the possible presence of poles of 
TR(w-l) at points where some of the Wi are 0 was overlooked; if the poles are 
of order >l, the corresponding residues will involve powers of log log X, 
although the accompanying exponents of log x are always much lower than 
in the main terms of (8). 
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4. PROOF OF THEOREM T. 
The sum T(x) of (6) is precisely 
We can obtain Theorem T either by appealing directly to the main theorem 
of [5], or, more elegantly, by substituting KI = Q in Theorem S, since 
Theorem S includes the results of [5], if we agree to ignore the signatures 
of the generators I*. 
5. CONCLUDING REMARKS 
The representation (2.1) for r(aI) will probably permit one to deduce for 
r(a,) analogs of the standard normal-order and extreme-value results for the 
classical number-theoretic functions; thus, if M = 0, , K, = Q(i) and 
KI = Q, it is well known [7] that 
lirn+sup (log r(n) log log n/log n log 2) = 1. 
One would certainly expect that, in the general case, log r(aJ log log 
iV,(a,)/log N,(q) would have as its superior limit some simple function of M 
and KI , but it is not very clear how to proceed, since the situation is com- 
plicated by the fact that r(al) is not usually multiplicative. 
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